The positive partial transpose test is one of the main criteria for detecting entanglement, and the set of states with positive partial transpose is considered as an approximation of the set of separable states. However, we do not know to what extent this criterion, as well as the approximation, are efficient. In this paper, we show that the positive partial transpose test gives no bound on the distance of a density matrix from separable states. More precisely, we prove that, as the dimension of the space tends to infinity, the maximum trace distance of a positive partial transpose state from separable states tends to 1. Using similar techniques, we show that the same result holds for other well-known separability criteria such as reduction criterion, majorization criterion and symmetric extension criterion. We also bring evidence that the set of positive partial transpose states and separable states have totally different shapes.
Introduction
The problem of detecting entanglement has been focused in quantum information theory for many years. The problem is: given a bipartite mixed state ρ AB , decide whether this state is entangled or separable. The first attack toward solving this problem is the following observation due to Peres and the Horodeckis, [21, 15] . If ρ AB = i p i ρ Ai ⊗ ρ Bi is separable,
T , where M T denotes the transpose of matrix M , is also a quantum state, and thus is a positive semi-definite matrix. Therefore, if ρ AB is separable, its partial transpose, [ρ AB ] TB , should be positive semi-definite. The Horodeckis have proved that this criterion characterizes all separable states in dimensions 2 × 2 and 2 × 3, [15] . However, there are entangled states in dimension 3 × 3 with a positive partial transpose, [2] .
Although the set of positive partial transpose states (PPT states) does not coincide with the set of separable states, it is usually considered as an approximation of this set. For example in [7] the distance of an arbitrary state from PPT states has been computed to estimate the distance from separable states. Also in [22] the geometry of the set of PPT states has been studied to understand the properties of the set of separable states. However, we do not know how efficient these approximations are. For instance, given an upper bound on the distance of a state from PPT states, does it give an upper bound on the distance of the state from separable states?
We can think of this problem in the point of view of complexity theory. Gurvits [12] has proved that given a bipartite density matrix ρ AB , it is NP-hard to decide whether this state is separable or entangled. An approximate formulation of this problem is the following.
Given a bipartite density matrix ρ AB and ǫ > 0, decide whether there exists a separable state in the ǫ-neighborhood (in trace distance) of ρ AB . Gurvits has established a reduction from Knapsack to this problem, and has proved the NP-hardness of the separability problem only for exponentially small ǫ. However, as mentioned in [1] , we can replace Knapsack with 2-out-of-4-SAT, and get to the NP-hardness for an inverse polynomial ǫ. Also, Gharibian [11] has shown the same result using a reduction from the Clique problem. Now, the question is that how large ǫ can be while getting to the same result. For example, is there an efficient algorithm to decide whether the distance of a given state from separable states is less than 1/3, or it is an NP-hard problem? Equivalently, is there a separability test such that if a state passes the test then it is 1/3-close to the set of separable states?
The converse of this question is what we are looking for. That is, given a separability criterion, if a state passes this test can we claim a non-trivial upper bound on the distance of this state from separable states? In this paper, we prove that the answer for the PPT criterion, as well as other well-known separability tests such as reduction criterion [13] , majorization criterion [19] and symmetric extension criterion [8, 9] , is no. More precisely, we prove the following theorem. Theorem 1.1 Let H be a bipartite Hilbert space. If the dimension of each subsystem of H is large enough, there exists a PPT state acting on H whose trace distance from separable states is greater than 1 − ǫ, for an arbitrary ǫ > 0.
Main Ideas
Let H = H A ⊗ H B be a bipartite Hilbert space. We want to find PPT states ρ (n) ∈ H ⊗n such that the trace distance of ρ (n) from separable states is close to 1, for enough large numbers n. Suppose ρ is an entangled PPT state. Then ρ ⊗n is entangled and also PPT. We claim that the sequence of states ρ (n) = ρ ⊗n works for us. The intuition is that for two different quantum states ρ and σ, the trace distance of ρ ⊗n and σ ⊗n tends to 1 as n tends to infinity. However, in this problem σ is not a fixed state and ranges over all separable states. Also, it is not obvious (and may not hold)
1 that the closest separable state to ρ ⊗n is of the form σ ⊗n . Another idea is to use entanglement distillation. Suppose the state ρ is distillable. It means that, having arbitrary many copies of ρ, using an LOCC map, we can obtain arbitrary many EPR pairs. Notice that LOCC maps send separable states to separable states, and the trace distance decreases under trace preserving quantum operations. Therefore, the distance of ρ ⊗n from separable states is bounded from below by the distance of EPR ⊗m from separable states, which we know is close to 1 for large numbers m. Therefore, if ρ is distillable then the trace distance of ρ ⊗n from separable states tends to 1. It is well-known that PPT states are not distillable under LOCC maps. So we cannot use this idea directly. On the other hand, in this argument, the only property of LOCC maps that we use, is that they send separable states to separable states. So, we may replace LOCC maps with non-entangling maps, the maps that send every separable state to a separable state. Due to the seminal work of Brandao and Plenio [3, 4] every entangled state is distillable under asymptotically non-entangling maps 2 . Hence, by replacing LOCC maps with asymptotically non-entangling maps and repeating the previous argument, we conclude that the trace distance of ρ ⊗n from separable states tends to 1.
Although this idea gives a full proof of Theorem 1.1, we do not present it in this paper. Instead, we use more fundamental techniques, namely, quantum state tomography and quantum de Finetti theorem [6, 17] . In fact, these two techniques are the basic ideas of the results of [3, 4] that we mentioned above. Since ρ ⊗(n+k) is a symmetric state, we may assume that the closest separable state to ρ ⊗(n+k) is also symmetric. Then by tracing out k registers 3 and using the finite quantum de Finetti theorem we conclude that the trace distance of ρ ⊗(n+k) from separable states is lower bounded by the trace distance of ρ ⊗n from separable states of the form
Since such a state is separable and ρ is not separable, the sum of p i 's for which σ i is close to ρ cannot be large. On the other, if n is large, using quantum state tomography one can distinguish ρ ⊗n from σ ⊗n i , where σ i is far from ρ. Therefore, the trace distance of ρ ⊗n and a separable state of the form of Eq. (1) is close to 1 for enough large n.
Notice that, in both of these arguments the only property of PPT states that we use, is that if ρ and σ are PPT, then ρ ⊗ σ is also PPT. So, we can conclude the same result for any separability test the satisfies this property.
Preliminaries

A pure state |ψ ∈ H
A ⊗ H B is called separable if it can be written of the form |ψ = |ψ A ⊗ |ψ B , where |ψ A ∈ H A and |ψ B ∈ H B . A density matrix acting on H A ⊗ H B is called separable if it can be written as a convex combination of separable pure states |ψ ψ|. We denote the set of separable states by SEP.
For two quantum states ρ and σ we denote their trace distance by
where |X| = √ X † X. Assume that dim H A = dim H B = d, and fix an orthonormal basis |1 , . . . , |d for both of Hilbert spaces. Then the partial transpose of matrices acting on
It is clear that if ρ AB is a separable state then ρ TB AB is also a density matrix and then positive semi-definite. However, it does not hold for an arbitrary state. For example, the partial transpose of the maximally entangled state is not positive semi-definite. To see that, let Φ(d) to be the maximally entangled state on H
|i, i j, j|.
We have
where
Therefore, positive partial transpose is a test to detect entanglement [21, 15] . More formally, if we denote the set of density matrices with a positive semi-definite partial transpose by PPT, then SEP ⊆ PPT.
Here is a list of some other separability criteria, see [16] .
• Reduction criterion, [13] : I ⊗ ρ B ≥ ρ AB , where ρ B = Tr A (ρ AB ). Here, by M ≥ N we mean M − N is a positive semi-definite matrix.
• Entropic criterion, [14] : S α (ρ AB ) ≥ S α (ρ A ) for α = 2 and in the limit α → 1, where
• Majorization criterion, [19] :
ρ is the list of eigenvalues of ρ in non-increasing order, and y ≻ x means that, for any k, the sum of the first k entries of list x is less than or equal to that of list y.
• Cross norm criterion, [20, 5] : Tr|U(ρ AB )| ≤ 1, where U is a linear map defined by
T , relative to a fixed basis, and
T , where col i (X) is the i-th column of X.
All of these criteria for separability are necessary conditions but not sufficient. Doherty et al. [8, 9] have introduced a hierarchy of separability criteria which are both necessary and sufficient. Let ρ AB = i p i σ i ⊗ τ i be a separable state. Then
is an extension of ρ AB , meaning that ρ AB = Tr B2···B k (ρ AB1···B k ). Also it is symmetric, meaning that it is unchanged under any permutation of subsystems B i . More precisely, for any permutation π of k objects, if we define the linear map P π by P π |ψ 1 
If such an extension exists, we say that ρ AB has a symmetric extension to k copies. Doherty el al. have proved that a quantum state is separable iff it has a symmetric extension to k copies for any number k, [8, 9] . Also, they have shown that the problem of checking whether a given state has a symmetric extension to k copies, for a fixed k, can be expressed as a semi-definite programming, and can be solved efficiently 4 . So we get to another separability test.
• Symmetric extension criterion: If ρ AB is separable, then it has a symmetric extension to k copies.
Quantum State Tomography
An informationally complete POVM on H is a set of positive semi-definite operators {M n } forming a basis for the space of hermitian matrices on H, and such that n M n = I. In [17] there is an explicit construction of an informationally complete POVM in any dimension. Such a POVM is useful for quantum state tomography. Suppose {M * n } is the dual of basis {M n }. That is Tr(M n M * m ) = δ mn , where δ mn is the Kronecker delta function. For any hermitian operator X we have
Therefore, having some copies of the state ρ, by measuring ρ using the POVM {M n }, we can approximate Tr(ρM n ) and then find the matrix representation of ρ.
Assume that H = H A ⊗ H B is a bipartite Hilbert space. If {P n } and {Q m } are informationally complete POVM's on H A and H B , respectively, then it is easy to see that {P n ⊗Q m } is an informationally complete POVM on H. Therefore, if the state ρ AB is shared between two far apart parties A and B, they still can perform quantum state tomography. Also, if the state ρ AB is separable, then all the states during the process are separable as well.
Quantum de Finetti Theorem
As in Eq. (5), a quantum state ρ (n) acting on H ⊗n is called symmetric if
for any permutation π of n objects. A symmetric state is called k-exchangeable if it has a symmetric extension to n + k registers. That is a symmetric state ρ (n+k) such that Tr 1,...,k ρ (n+k) = ρ (n) . Clearly, any state of the form ρ ⊗n is k-exchangeable, for any k. Also any convex combination of these states is k-exchangeable. Quantum de Finetti theorem says that the converse of this observation holds. That is, if a state is k-exchangeable, for any k, it is in the convex hall of symmetric product states.
Quantum de Finetti theorem gives a characterization of infinitely-exchangeable states. The following theorem, known as the finite quantum de Finetti theorem, says that if a state is k-exchangeable (but not necessarily (k + 1)-exchangeable), then an approximation of the above result holds. Theorem 2.1 [6] Assume that ρ (n+k) is a symmetric state acting on H ⊗n+k . Let ρ (n) = Tr 1...k ρ (n+k) be the state obtained by tracing out the first k registers. Then there exists a probability measure µ on the set of density matrices on H such that
3 Proof of Theorem 1.1
Let H = H A ⊗ H B and assume that d = dim H > 6. Then there exists a PPT state ρ AB = ρ acting on H which is not separable ( For example see [2] ). Let
Since ρ is not separable, ǫ > 0. For any number n, ρ ⊗n can be considered as a bipartite state acting on (H A ) ⊗n ⊗(H B ) ⊗n , and it is a PPT state. Therefore, if we prove that the trace distance of ρ ⊗n from separable states tends to 1, as n goes to infinity, we are done.
Let σ (n) be the closest separable state to ρ ⊗n . Since ρ ⊗n is a symmetric state, for any permutation π we have
Tr . Hence, by triangle inequality
and then
Tr . This means that, we may assume that the closest separable state to ρ ⊗n is symmetric. Let σ be the state obtained by tracing out n 2 registers. We have
Tr .
Using the finite quantum de Finetti theorem (Theorem 2.1), there exists a measure µ such that
where X n Tr ≤ 2d n n+n 2 . Hence, using Eq. (7), if we prove that ρ ⊗n − µ(dτ )τ ⊗n + X n Tr tends to 1, as n goes to infinity, we are done.
Consider an informationally complete POVM on H A and H B , and by taking their pairwise tensor product extend them to an informationally complete POVM on H. Now apply quantum state tomography on (n − 1) copies of ρ. The outcomes of the measurements give an approximation of ρ. To be more precise, let {M i } be the informationally complete POVM on H. For any sequence of outcomes (M l1 , . . . , M l (n−1) ) we get to the approximation
where r i is the number of repetition of M i in (M l1 , . . . , M l (n−1) ). Let A n be the sum of (n − 1)-tuple tensor products M l1 ⊗ · · · M l (n−1) for sequences (M l1 , . . . , M l (n−1) ) whose approximations, according to Eq. (9), are in B ǫ/2 (ρ), the ball of radios ǫ/2 in trace distance around ρ. Therefore, by the law of large numbers [10] , Tr(A n ρ ⊗(n−1) ) → 1 as n goes to infinity. Also for any τ far from ρ, Tr(A n τ ⊗(n−1) ) tends to zero. Notice that A n ≤ I. Hence,
and since Tr (I ⊗ A n · ρ ⊗n ) → 1, if we prove that
as n goes to infinity, we are done. By Eq. (8), µ(dτ )τ ⊗n + X n is a separable state. Also, since we can apply quantum state tomography locally (see Section 2.1 ), at the end the outcome is a separable state. We can write the outcome, before normalization, in the form
By the law of large numbers [10] there exists δ n such that for any τ / ∈ B ǫ/2 (ρ) we have
and δ n → 0 as n goes to infinity. Then Y n Tr ≤ δ n + 2d n n+n 2 . Now, the state
is separable. On the other hand, by definition
is in the ǫ/2-neighborhood of ρ. Using Eq. (6) we have
Putting everything together we find that
as n goes to infinity. We are done.
Geometry of the Set of Separable States
Theorem 1.1 tells us that estimating the distance of a bipartite state from separable state by the distance from PPT states is not a good approximation. However, one may say the set of PPT states may be a reasonable approximation for the set of separable states in a geometrical point of view. For instance, two spheres centered at origin with radiuses 1 and 2 are far from each other, while they have the same geometric properties up to a scaler factor.
In the following theorem we show that the set of separable states relative to the set of PPT states is not of this form. By Theorem 1.1 the maximum distance of a PPT state from the boundary of the set of separable states is close to 1. We can think of this problem in another direction. What is the maximum distance of a state on the boundary of separable states from the boundary of PPT states? To get an intuition on this problem, we can think of the unit sphere centered at origin in R n , and the cube with vertices (±1, . . . , ±1). It is easy to see that the distance of any point on the sphere from points of the cube is less than 2. However, the distance of (1, . . . , 1) from sphere is √ n − 1. It is because sphere and cube have totally different shapes. 
where |φ ij is defined in Eq. (4). Now, using the fact that ρ TB is positive semi-definite we have
Therefore, by the well-known inequality between fidelity and trace distance, [18] page 416, we have
Let ρ be an arbitrary separable state. Define ρ t = (1 − t)ρ + tΦ(d). Then ρ 0 = ρ is separable and then PPT, and ρ 1 = Φ(d). Hence, there exists 0 ≤ c ≤ 1 such that ρ c is on the boundary of PPT states. Then we have
where in the last inequality we use Eq. (10). 2
Generalization to Other Separability Criteria
By the result of Section 3, if the dimension of the space is enough large, there exists a PPT state arbitrary far from separable states. In the proof, our candidate for such a state is ρ ⊗n , where ρ is an entangled PPT state. Indeed, the only property of the set of PPT states that we use, is that this set is closed under tensor product. Therefore, the same argument as in the proof of Theorem 1.1, gives us the following general theorem.
Theorem 5.1 Assume that C is a necessary but not sufficient separability criterion such that if ρ and σ satisfy C, then ρ ⊗ σ satisfies C as well. Then for any ǫ > 0 there exists a state ρ that satisfies C, and whose trace distance from separable states is at least 1 − ǫ.
Proof: Let ρ be an entangled state that satisfies C. Then ρ ⊗n satisfies C, and by the proof of Theorem 1.1, the trace distance of ρ ⊗n from separable states, tends to 1 as n goes to infinity.
2
In the following theorem we prove that all separability criteria mentioned in Section 2 satisfy the assumption of Theorem 5.1.
Theorem 5.2 For any of the separability criteria mentioned in Section 2 there exists an entangled state that passes that test while it is arbitrary far, in trace distance, from separable states.
Proof: By Theorem 5.1 it is sufficent to prove that those separability criteria are closed under tensor product.
• Reduction criterion: Let X, Y, Z and W be positive semi-definite matrices such that
Now assume that ρ AB and σ AB pass reduction criterion. Therefore ρ A ⊗ I ≥ ρ AB and σ A ⊗ I ≥ σ AB , and then ρ A ⊗ σ A ⊗ I ≥ ρ AB ⊗ σ AB . Hence, ρ AB ⊗ σ AB passes reduction criterion.
• Entropic criterion: It follows easily from S α (ρ ⊗ σ) = S α (ρ) + S α (σ).
• Majorization criterion: x ≺ y if and only if there exists a doubly-stochastic matrix 5 D such that x = Dy, see [18] page 575. Therefore, if x ≺ y and x ′ ≺ y ′ , there exist D and D ′ such that x = Dy and x ′ = D ′ y ′ . Hence x ⊗ x ′ = (D ⊗ D ′ )(y ⊗ y ′ ) and then x ⊗ x ′ ≺ y ⊗ y ′ . The proof follows easily using this property.
• Cross norm criterion:
. The proof follows from this equation.
• Symmetric extension criterion: If ρ (k) and σ (k) are symmetric extensions of ρ and σ to k copies, respectively, then ρ (k) ⊗ σ (k) is a symmetric extension of ρ ⊗ σ to k copies.
6 Conclusion
In this paper we have proved that for any separability criterion that is closed under tensor product, meaning that ρ ⊗ σ passes the test if ρ and σ pass the test, the set of states that pass the test is not a good approximation of the set of separable states. In other words, all well-known algorithms for detecting entanglement, give no bound on the distance of a state from separable states. For the special case of positive partial transpose test, using Theorem 4.1, we have shown that the set of PPT states and separable states have totally different shapes. An interesting question to answer is to find a separability criterion that is stronger than the known ones and also is not closed under tensor product. This problem may clarify the complexity of separability problem: Is it NP-hard to decide whether there exists a separable state whose trace distance from a given state is less than a constant c?
